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1. Let n be the number of vertices of the polygon. Then there is 3 diagonals connected
to each vertex, because the diagonals can not connect a vertex to itself or connect a
vertex to two vertices adjacent to it. Also, each diagonal is connected to exactly two
vertices. Therefore, the total number of diagonals of a polygon i{n 3)=2. To
complete the question, solve the quadratin(n 3)=2 = 152, which givesn = 16,
n = 19. Discard the unrealistic solutionn = 19.

2. For 1+ 1 to be a square, there must be some integer9 ution



4. Draw the tangent to the circlesC; and C, at the points T, and let O3 and O4 be
the points of intersection between this tangent and the lined;A,, B1B, respectively;
see below. Then by the tangents to common external point property of circles, we
have jJA103) = jTOs) = JA,03) and jB1O4) = JTO, = jB,04). So the circle with
diameter A1A; has centreO3; and will pass through the pointT. Similarly the circle
with diameter B,B, has centreO, and will pass through the pointT. Since the line
passing ovelOz and Oy is straight, we can conclude that the circle with diameteA A,
and B,B, are tangent to each other afT .

5. Let x, y and z be the total number of apples, peaches and mangoes respectively. If

of peaches in each basket. Them = a,+ ag+ ay+ as+ ag, pp = ay+ az++ ay+ as+ ag
etc. Therefore,

y=p1tp2t:iiitpe
=0 +a +az3 +tas tag +ag +:.::
+ay +0 +az3 +ta4 tas t+ag t+ i

+: : : : : o+
=S(ay+ ap+ ag+ st a5+ a) =5x:

We can repeat the above argument for apples and mangoes to get 5z. In conclusion,
the total number of fruitis x+ y+ z = x + 5x + 25x = 31x.

6. Let x be the unique point where the cyclists are allowed to pass each other. Suppose
two cyclist have integer speeg and g, with p > q, then the faster cyclist is initially
in front, and catches up to the slower cyclist at ¢ p)=p of a lap per one lap the
slower cyclist completes; It takes exactly=<qg p) laps (of the slower cyclist) for the
two cyclist to overlap, so providedp=q p) is an integer then the two cyclist will only
pass each other ak.

Let M be the least common multiplier ofp and g. If pqg p) is an integer, then
soisp+ M=[(p+ M) (g+ M)]; If two cyclist only passes each other ax, then by
increasing the speed of both cyclist by, they will still only pass at x. Moreover,
M=[(g+ M) M]andM=[(p+ M) M] are integers; if another cyclist starts at and
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is moving at speedMV, then he/she will only be over taken by the cyclists moving at
speedp+ M and speedq+ M at the point x.

Can you use the above information to construct 33 cyclist that will only pass at the
point x?

Senior Questions

1.

3.

After cutting the cheese twice, the pieces of cheese would be in the ratie$1lt+ x),
x=(1+ x)? and x2(1 + x?). To divide the pieces of cheese such that there is an equal
amount in each pile, we solve

1 X X2

+ = :
1+x (x+1)2 (x+1)%

which has solutionsx = 1 P 2. Since Alex can pick any numb?)(_> 1, he can divide
the piles in to equal amounts in just two cuts by takingxk =1+ = 2

Suppose Alex wants to choose an integer ratio to cut the cheese. Would the above
solution still work? if not, then can he keep cutting the cheese into more pieces to
eventually have two piles of equal amount?

Let f (x) = ax®, then f {x) = abxX® V. We want to nd a and b such thatlgo_(f (x)) =
asz*é; D= x;iebb 1) =1and a’h=1. Solving to getb= (1 5)=2 and
a= 21 | 5)

(a) Let F,, be then term of the sequence, theffn., = Fni1 + Fp; the next 3 terms
of the sequence are 234; 55.

(b)
Fri2 = Faa + Fn

I:n'I'Fn 1+Fn 1+Fn 2
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